Foreword
The gold in 'them there hills' is not always buried deep. Much of it is within easy reach. Some of it is right on the surface to be picked up by any searcher with a keen eye for detail and an eagerness to explore. As in any treasure hunt, the involvement grows as the hunt proceeds and each success whether small or great adds the fuel of excitement to the exploration. -A. E. Ross
Number theory is one of the few areas of mathematics where problems of substantial interest can be described to someone possessing scant mathematical background. It sometimes proves to be the case that a problem which is simple to state requires for its resolution considerable mathematical preparation; e.g., this appears to be the case for Fermat's conjecture regarding integer solutions to the equation x n + y n = z n . But this is by no means a universal phenomenon; many engaging problems can be successfully attacked with little more than one's "mathematical bare hands". In this case one says that the problem can be solved in an elementary way (even though the elementary solution may be far from simple). Such elementary methods and the problems to which they apply are the subject of this book.
Because of the nature of the material, very little is required in terms of prerequisites: The reader is expected to have prior familiarity with number theory at the level of an undergraduate course. The nececssary background can be gleaned from any number of excellent texts, such as Sierpiński's charmingly discursive Elementary Theory of Numbers or LeVeque's lucid and methodical Fundamentals of Number Theory. Apart from this, a rigorous course in calculus, some facility with manipulation of estimates (in xi xii Foreword particular, big-Oh and little-oh notation), and a first course in modern algebra (covering groups, rings, and fields) should suffice for the majority of the text. A course in complex variables is not required, provided that the reader is willing to overlook some motivational remarks made in Chapter 7.
Rather than attempt a comprehensive account of elementary methods in number theory, I have focused on topics that I find particularly attractive and accessible:
• Chapters 1, 3, 4, and 7 collectively provide an overview of prime number theory, starting from the infinitude of the primes, moving through the elementary estimates of Chebyshev and Mertens, then the theorem of Dirichlet on primes in prescribed arithmetic progressions, and culminating in an elementary proof of the prime number theorem.
• Chapter 2 contains a discussion of Gauss's arithmetic theory of the roots of unity (cyclotomy), which was first presented in the final section of his Disquisitiones Arithmeticae. After developing this theory to the extent required to prove Gauss's characterization of constructible regular polygons, we give a cyclotomic proof of the quadratic reciprocity law, followed by a detailed account of a little-known cubic reciprocity law due to Jacobi.
• Chapter 5 is a 12-page interlude containing Dress's proof of the following result conjectured by Waring in 1770 and established by Hilbert in 1909: For each fixed integer k ≥ 2, every natural number can be expressed as the sum of a bounded number of nonnegative kth powers, where the bound depends only on k.
• Chapter 6 is an introduction to combinatorial sieve methods, which were introduced by Brun in the early twentieth century. The bestknown consequence of Brun's method is that if one sums the reciprocals of each prime appearing in a twin prime pair p, p + 2, then the answer is finite. Our treatment of sieve methods is robust enough to establish not only this and other comparable 'upper bound' results, but also Brun's deeper "lower bound" results. For example, we prove that there are infinitely many n for which both n and n+2 have at most 7 prime factors, counted with multiplicity.
• Chapter 8 summarizes what is known at present about perfect numbers, numbers which are the sum of their proper divisors.
At the end of each chapter (excepting the interlude) I have included several nonroutine exercises. Many are based on articles from the mathematical literature, including both research journals and expository publications like the American Mathematical Monthly. Here, as throughout the text, I have Notation xiii made a conscious effort to document original sources and thus encourage conformance to Abel's advice to "read the masters".
While the study of elementary methods in number theory is one of the most accessible branches of mathematics, the lack of suitable textbooks has been a repellent to potential students. It is hoped that this modest contribution will help to reverse this injustice.
Paul Pollack

Notation
While most of our notation is standard and should be familiar from an introductory course in number theory, a few of our conventions deserve explicit mention: The set N of natural numbers is the set {1, 2, 3, 4, . . .}. Thus 0 is not considered a natural number. Also, if n ∈ N, we write "τ (n)" (instead of "d(n)") for the number of divisors of n. This is simply to avoid awkward expressions like " If S is a subset of the natural numbers N, the (asymptotic, or natural ) density of S is defined as the limit
provided that this limit exists. The lower density and upper density of S are defined similarly, with lim inf and lim sup replacing lim (respectively). We say that a statement holds for almost all natural numbers n if it holds on a subset of N of density 1.
If f and G are defined on a closed interval [a, b] ⊂ R, with f piecewise continuous there, we define
provided that the right-hand integral exists. (Experts will recognize the right-hand side as the formula for integration by parts for the RiemannStieltjes integral, but defining the left-hand side in this manner allows us to avoid assuming any knowledge of Riemann-Stieltjes integration.) We will often apply partial summation in the following form, which is straightforward to verify directly: Suppose that a and b are real numbers with a ≤ b and that we are given complex numbers a n for all natural numbers n with
In order to paint an accurate portrait of the mathematical landscape without straying off point, it has been necessary on occasion to state certain theorems without proof; such results are marked with a star ( ). For some of these results, proofs are sketched in the corresponding chapter exercises.
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